Light trapping and radiation process from linear reciprocal photonic resonators is one of the fundamental processes in optical science and engineering. Recently, the concept of coherent virtual absorption (CVA) of light was introduced and investigated for planar and cylindrical optical structures. The key feature of CVA is that by engineering the time-dependence of the excitation waveform, one can temporarily store all the input energy into the optical structure without any leakage. Here we further explore this novel concept in integrated photonic setups made of microring resonators. By using coupled-mode theory (CMT), we derive an analytical expression for CVA in this platform. This in turn allows us to make the connection with the notion of coherent perfect absorption (CPA) as well as extending our analysis to active resonators (having optical gain). We next provide a physical insight into this process by using a simple model made of cascaded beam splitters. Importantly, we confirm our results using a full-wave analysis of realistic material systems. Finally, we discuss the limitation on the CVA process due to waveform mismatch and nonlinear effects.
I. INTRODUCTION
Light-matter interaction can be tailored by engineering different design parameters such as optical refractive index, magnetic permeability, and/or optical nonlinear interactions to just mention a few examples [1] . A whole new world of challenges and opportunities for nascent light-matter interaction effects emerges once we exploit the realm of non-Hermitian photonics [2] [3] [4] [5] . Representative examples include a new family of magnetless isolators [6, 7] , microlasers [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] , optical sensors [18] [19] [20] [21] [22] , optomechanical devices [23] [24] [25] [26] [27] [28] , etc. For recent reviews, see [29] [30] [31] [32] . Along these lines, non-Hermitian optics led us to the concept of coherent perfect absorption (CPA), associated with judicious engineering of the spatial waveform of an incident wave in a lossy optical target such that a complete absorption can be achieved [33] . In its original conception, the CPA was viewed as the time-reversal phenomenon of a laser [34] [35] [36] [37] . It turns out that the phenomenon is applicable also for systems without any time-reversal symmetry [38] or even more surprising in the absence of any lossy elements [39] . In the latter case, it was shown that if the time dependence of the incident waveform is also tailored, one can temporarily store all the incident energy in the structure without any leakage. However, due to the absence of real absorption, all the stored energy will be eventually released as the excitation is turned off. This process, which was called coherent virtual absorption or CVA [40] has been theoretically illustrated for planar and cylindrical optical structure [39] ; and experimentally demonstrated for mechanical waves [41] .
In this work, we explore the notion of CVA in a different setting of integrated photonic circuits made of micror- * Corresponding author: ganainy@mtu.edu ing resonators. This platform is relevant to technological applications in optical communication systems and quantum information. Interestingly, our analysis based on coupled mode formalism extends the notion of CVA to active systems that exhibit gain. In other words, counterintuitively, one can temporarily store all the incident energy in the microresonators even when the system should work as an amplifier. We have also investigated the feasibility of achieving CVA in microring resonators using full-wave analysis and realistic material systems. Finally, we investigate the limitations of the CVA protocols in the presence of slight waveform flaws and nonlinear effects.
Our results indicate that this scheme is fragile and requires fine tuning of the input signal parameters.
II. SYSTEM DESCRIPTION
Let us consider a microring resonator coupled to a waveguide as shown in Fig. 1 . At each resonant frequency, the ring structure supports two degenerate clockwise (CW) and counterclockwise (CCW) propagating modes. These modes can be externally excited via the two end ports of the waveguide. Thus, the system consists of two input and two output ports. However, due to the wave nature of the traveling modes in the microring resonators, the CW/CCW modes are excited separately. An implicit assumption in our analysis is that the surface roughness of the ring is kept very small [42] to avoid any appreciable back reflection between these two modes. Indeed recent state-of-the-art experimental results show that this roughness can be reduced to less than 0.5 nm [43] . With this assumption in mind, one can consider only one input port and one output port as shown in Fig. 1 . Under these conditions, standard temporal coupled-mode theory (TCMT) [42, 44] gives: 
where a is the field amplitude of the CW mode, and s 1 and s 2 quantify the input/output optical signal. In Eq.
(1), ω 0 is the resonant frequency, g is the optical gain, and γ W,R,A are the losses due to the coupling to the waveguide, radiation, and material absorption, respectively. Finally, α 0 is the effective nonlinear Kerr coefficient, and the variable r is used as a knob for controlling the strength of the nonlinear interactions (or equivalently the input power levels) as we will see later.
III. RESULTS
First, we consider the case when r = 0. Under this condition, the lasing threshold of this system is g th = γ W + γ R + γ A . Below this gain value, when γ R + γ A < g < g th , the structure functions as an optical amplifier for the input signal. We are particularly interested in that latter regime. Note that the steady state transmission coefficient of the system for an input
The expression for T has a zero at ω zero = ω 0 −i(g+γ W ) and a pole at ω pole = ω 0 −i(g−γ W ), with ω zero = ω * pole . Thus, wheng + γ W = 0, the zero transmission regime can be accessed only by using a complex frequency for the external optical input. In practice, this means that the waveform is not just oscillatory but also vary in amplitude. In the particular example studied here, the input signal must have a central frequency ω 0 and amplitude growth rate equal tog+γ W , i.e. s 1 = s 0 e iω0t e (g+γ W )t . To clearly illustrate this effect and also elaborate on the transient response in the current microring system, we consider the aforementioned excitation and assume that it is switched on at time t = 0, i.e. s 1 = s 0 e iω0t e (g+γ W )t u(t), where u(t) is the standard unit step function. By solving Eq. (1) using the Laplace transformation, we obtain:
(2)
Equation (2) shows that as t → ∞, the optical intensity inside the resonator builds up exponentially (|a(t)| 2 ∝ e 2(g+γ W )t ), while simultaneously the output signal power decays exponentially at a rate equal to 2(γ W −g). In other words, by engineering the optical amplitude, it is possible to store most of the input energy inside the resonator without light leaking to the output channel. Thus, when the radiation and material losses are negligible, input power trapping in the resonator becomes nearly perfect even though the system operates in the amplification regime. As a side note, we observe that the decay rate of the output signal in s 2 becomes slower as we approach the lasing condition. Specifically, at lasing, the outgoing signal is a propagating wave as expected.
To illustrate these results, we present the numerical integration of Eq. (1) in Fig. 2 and we focus first on the passive scenario, i.e. g = γ R = γ A = 0 under linear conditions with r = 0. In these simulations, the input signal s 1 varies as e γ W t from t = 0 to t off = 4γ −1 W (the actual value of the input signal at t = 0 is irrelevant here since the nonlinear effects are neglected). At t off , it is FIG. 2. A plot of input/output powers |s1,2| 2 (red and blue curves) as well as the scaled power inside the ring κ 2 |s3| 2 = 2γW |a| 2 (red curve). The input signal varies exponentially as e γ W t starting from a certain initial value. At t off = 4γ −1 W the input is switched off with an exponential decay rate of 5γW . In plotting these curves, we normalized all the power values with respect to the maximum input power, i.e. |s1| 2 at t off (note that the actual values are not relevant here since we have so far neglected all nonlinear effects). As discussed in the text in detail, the optical power flow is consistent with the analytical expression in Eq. (2) . Note that in the above plot, the value of κ 2 |s3| 2 can be larger than unity due to the energy accumulation in the microring resonator.
switched off quickly according to the fast exponential decay e −5γ W t . The power flow in the ring is given by the expression |s 3 | 2 ≡ |a| 2 /τ [42, 45, 46] , where τ = 2πR/v g is the round trip time with R and v g = c/n g being the ring radius and group velocity of the relevant optical mode at the central frequency ω 0 . Here, c and n g are the speed of light in vacuum and the optical group index, respectively. To provide an intuitive picture of the simulation results, in Fig. 2 , we plot the scaled power κ 2 |s 3 | 2 (red curve), where κ = √ 2γ W τ is the coupling coefficient between the microring waveguide and the external waveguide. Obviously, the quantity κ 2 |s 3 | 2 = 2γ W |a| 2 represents the power that would flow from the microring to the output port if there was no interference with the input signal. After a transit, and for t < t off , both κ 2 |s 3 | 2 and the input power |s 1 | 2 (green curve) become almost identical, with their interference at the output however canceling out and producing nearly zero power as shown for |s 2 | 2 (blue curve). These results are consistent with the analytical expression of Eq. (2). On the other hand, for t > t off , the stored energy is released to the output channel.
Connection to CPA-Consider Eq. (1) again but with g = 0 and γ W = γ R + γ A . This is the critical coupling condition [47] [48] [49] [50] which results in steady state zero output (i.e. s 2 | t→∞ = 0) under a continuous wave excitation s CPA 1 = s 0 e iω0t , i.e.:
The solution of Eq. (3) is s CPA 2 = s 0 e iω0t e −2γ W t . If we now use the transformation X = X CPT e (g+γ W )t , where X ∈ {a, s 1 , s 2 }, we recover Eq. (1) with a steady state zero output. This illustrates that the notion of CVA generalizes the concepts of critical coupling and CPA. In words, in the case of CPA based on critical coupling, the optical power is actually absorbed in the system due to the material loss, while in the scenario of CVA, the power is stored inside the resonator due to destructive interference at the output port as we explain in more detail below.
CVA as a series of beam splitters-In order to gain an insight into the process of CVA, let us consider a related problem. The structure shown in Fig. 3 consists of a series of beam splitters aligned along a horizontal line and we assume that the bulk material between them is transparent (extension to gain medium is straightforward). We also introduce vertical control beams at each beam splitter, whose phases are chosen to interfere constructively with the horizontal input beams along the horizontal output. Thus, the total power of the combined beams will exit from the horizontal direction and travel to the next beam splitter. Clearly, in order to repeat this behavior along all the beam splitters, the amplitudes of the control beams at each stage must be equal to those of the input beam. Thus, at stage N , the amplitude of the control beam must be 2 N −1 times that of figure) . At each stage, the amplitude and phase of a control beam (vertical red arrows) can be adjusted in order to interfere constructively with the input beams (horizontal red arrows) in the horizontal direction to arrive at the next stage. To maintain this process at each stage, the amplitude of the control beam at each beam splitter must be larger than that of the previous stage. The junction between the waveguide and the microring is indeed a beam splitter. Input light completing one roundtrip inside the ring meets this junction again which can be considered as another beam splitter stage.
the original input beam at the first stage, i.e. it must grow exponentially. A direct connection of this cascade process with the CVA occurring at the microring set-up is achieved by realizing that the junction between the waveguide and the microring is indeed a beam splitter. Light entering the resonators travels one roundtrip before it encounters the beam splitter junction again. If after each cycle, both beams have the correct phase and amplitude, they can coherently add in such a way that directs all the energy inside the resonator. This is the essence of the CVA process, which lasts as long as the excitation signal is on.
Experimental feasibility-Having demonstrated the process of CVA in microring resonators using CMT, we now explore its optical implementation using a realistic material system. To do so, we consider the structure shown in Fig. 4(a) , and we use two-dimensional (2D) full-wave finite difference time domain (FDTD) analysis, which can reveal much of the physics without the high memory and time demand of 3D simulations. The chosen material parameters and dimensions (indicated in the figure) are relevant to silicon photonics platforms [51] . By employing the aforementioned FDTD scheme, we have estimated that the loss rate from the microring resonator rate to the waveguide at a free space wavelength of λ 0 = 1.55 µm is γ W = 0.125 ps −1 . Compared to this value, one can safely neglect the material and radiation loss of the silicon ring resonator at that wavelength. Additionally, in what follows, we also assume that there is no applied gain and neglect the nonlinear effects. Figure 4(b) plots the FDTD results obtained for the optical Poynting vector (optical power flow) at the input/output ports |s 1,2 | 2 as well as scaled power along the ring waveguide κ 2 |s 3 | 2 . Here the value of the κ = 0.3 was obtained using FDTD. In obtaining these results, the input signal field was initially exponentially ramped up with a growth rate of γ W . At time t = t off = 30 ps, the input signal was switched off exponentially with a fast decay rate of 5γ W . As can be clearly seen, during the initial phase the optical power is stored in the ring with near zero output. As expected, this power is then released to the output port in the second phase. Furthermore, we plot a snapshot of the electric field distribution along the structure at both the initial and final phases (times t = t 1,2 ), which illustrate the energy storage then release.
Practical considerations-We have so far studied the process of CVA under ideal conditions. Here, we consider its practical limitations focusing mainly on nonideal temporal wave-form shaping and nonlinear effects. To investigate the former, we consider again Eq. (1) in the absence of Kerr nonlinearity and gain when the growth rate of the input signal, Γ, deviates from its ideal value of γ W . Figures 5(a) and (b) depict the temporal behavior of |s 2 | 2 and |s 2 | 2 /|s 1 | 2 as a function of Γ. Note that in producing these results, the input power was not switched off as before. As shown in Fig. 5 , when Γ changes from 0.9γ W to 1.1γ W , |s 2 | 2 itself will first decrease before it reverses course and increases at a finite time, eventually blowing up as time goes to infinity. On the other hand, the ratio |s 2 | 2 /|s 1 | 2 will always remain small. These results indicate that while the output does not vanish anymore, most of the input energy is still stored inside the microring. 5. (a) Plots of the output optical power |s2| 2 for different values of the growth rate of the input signal Γ deviating from its ideal value γW . When Γ < γW , the output power reaches zero before it starts to grow. On the other hand, for Γ > γW , the output power decreases first but never reaches zero before it starts to grow. (b) Log-scale plots of the ratio |s2| 2 /|s1| 2 demonstrate that it remains small in all cases. In other words, despite the fact that the output power eventually increases with time, most of the input power is still stored in the microring.
Finally, we investigate the limitations imposed by Kerr nonlinearity on the CVA process by numerically integrating Eq. (1) for different values of r (which is equivalent to changing the input power levels). To isolate the effect of the nonlinearity, we use here the ideal growth rate γ W for the input signal. In general, the nonlinear coefficient is given by the expression α 0 = n 2 cω 0 /n 2 0 V eff in J −1 s −1 . Here n 2 is the nonlinear Kerr coefficient in units of m 2 · W −1 , n 0 is the linear refractive index and V eff = 2πRA eff is the effective mode volume, as expressed in terms of the effective mode area A eff . First, we investigate the importance of nonlinear Kerr effects in microresonators that exhibits relatively low quality factors. To do so, we consider a 3D version of the structure studied in Fig. 4 , with waveguides having cross sections of 0.5 µm × 0.22 µm (typical values for silicon photonics platforms). By performing modal analysis using FDTD, we can obtain the propagation constant as a function of frequency and eventually calculate the optical group index, which is found to be n g ∼ 4. Together with κ = 0.3, we obtain the values of the loss rate γ W = 0.107 ps −1 and the quality factor Q ≡ ω 0 /2γ W ∼ 5700. From the modal analysis, we also find that the fundamental TE mode has an effective area of A eff ∼ 0.067 µm 2 at λ 0 = 1.55 µm [52] . For a ring of radius 5 µm, n 0 ∼ 3.47 and n 2 ∼ 5.5 × 10 −18 m 2 W −1 [53] (typical values for silicon and silicon nitride based material systems), we finally obtain α 0 ∼ 7.92 × 10 22 J −1 s −1 [54] [55] [56] . Figure 6 plot the optical power in the microresonators |s 3 | 2 and the power transfer function between the output/input ports |s 2 | 2 /|s 1 | 2 for different value of r. In these simulations, the initial input power at t = 0 was taken to be |s 1 (t = 0)| 2 = 1 mW. From the plots, we find that the nonlinear effects eventually kick in after a transient time and 'terminate' the process of CVA, as can be seen from Fig. 6(b) . This can be intuitively understood by noting that the Kerr nonlinearity results in a shift in the resonant frequency of the microring res- 6. (a) and (b) are the interactivity power |s3| 2 , and the output/input power ratio |s2| 2 /|s1| 2 as a function of time for different values of r (equivalent to changing the input power level) for the nonlinear parameters described in the text when the resonator has a quality factor Q ∼ 5700. (c) and (d) are similar plots when Q ∼ 51000. In the first case, the nonlinear effects become important only at very large power values and can be thus safely neglected under typical experimental conditions. In the second scenario, however, nonlinear effects can play an important role at input power values of tens of milliwatts. Here the nonlinearity is assumed to be of the Kerr type. For other types of nonlinearities, such as thermal effects, the power levels at which the process of CVA is destroyed can be in the order of few millimeters [57] .
onator which in turn destroys the delicate destructive interference at the output port. However, for the particular chosen parameters, this occurs for power values around 10 W inside the ring, corresponding to an input power of ∼ 1.1 W. These are very large numbers that exceed typical experimental values. Thus, from a practical perspective, nonlinear effects will not play an important role in this specific system. If we chose different parameters, such as reducing the coupling coefficient between the waveguide and the ring to κ = 0.1, which results in Q ∼ 51000, we find that the nonlinear effects become im-portant at power levels of ∼ 1 W in the ring (or ∼ 20mW in the input waveguide) as can be seen in Figs. 6(c) and 6(d). Here the initial input power in the simulations was taken to be 1 mW. These are rather realistic values, although they remain large [57] . If one considers other nonlinear effects such as for example thermal nonlinearities, these power levels can be considerably lower at the level of a few milliwatts [57] . Our analysis thus indicates that nonlinear effects can pose a serious challenge for implementing CVA for resonators having high-quality factors and large nonlinear effects.
IV. CONCLUSION
In summary, we have investigated CVA in the context of microring resonators. We have presented an analytical expression describing CVA in microring resonators and used it to make a connection with the process of CPA. We have also presented an intuitive description of CVA using cascaded beam splitters, highlighting the interferometric nature of the effect. Importantly, we have utilized 2D full-wave simulations using FDTD to demonstrate the feasibility of CVA in microring resonators based on silicon platforms. Finally, we have investigated some of the practical limitations arising from non-ideal wavefronts and nonlinear effects. In this context it will be of particular interest to investigate similar schemes in connection with frequency comb devices [58, 59] and soliton crystals [60] for nonlinear optical applications. We plan to do this in future works. Our results, although presented in the framework of photonics, are also relevant to other wavephysics contexts like matter waves, RF and acoustics. Q.Z. and L.S. contributed equally to this work.
